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On the expansion of the resolvent for elliptic boundary
contact problems
Thomas Krainer
Abstract. Let A be an elliptic operator on a compact manifold with bound-
ary M , and let ℘ : ∂M → Y be a covering map, where Y is a closed manifold.
Let AC be a realization of A subject to a coupling condition C that is elliptic
with parameter in the sector Λ. By a coupling condition we mean a nonlocal
boundary condition that respects the covering structure of the boundary.
We prove that the resolvent trace TrL2(AC−λ)
−N for N sufficiently large
has a complete asymptotic expansion as |λ| → ∞, λ ∈ Λ. In particular, the
heat trace TrL2 e
−tAC has a complete asymptotic expansion as t → 0+, and
the ζ-function has a meromorphic extension to C.
1. Introduction
This paper deals with the pursuit of Seeley’s program [13, 14] for elliptic operators
on singular spaces that are given by a compact smooth manifold M with boundary
together with a prescribed gluing rule that identifies finitely many boundary points
with each other. The spaces under consideration include, in particular, quantum
graphs ([6, 7]) and Z/k-manifolds ([1, 9]).
More precisely, following [10], we assume that the boundary of M is equipped
with a covering ℘ : ∂M → Y . The base manifold Y is closed, and we do not assume
that it is connected. In particular, ℘ may have a different number of sheets over
each connected component of Y . The singular spaceMsing is obtained by collapsing
the fibres ℘−1{y} to y for every y ∈ Y .
A quantum graph represents a one-dimensional example of such a space: M is
a disjoint union of intervals — the edges of the graph — and Y is the set of vertices.
For y ∈ Y , the set ℘−1{y} consists of those endpoints of edges that are joined to
form the vertex y.
Another example for the situation under study is a disjoint unionM = N1∪N2
of smooth compact manifolds N j with the same (or diffeomorphic) boundary Y =
∂N j , j = 1, 2. We get a 2-sheeted covering ℘ : ∂M → Y , and by collapsing the
points in ℘−1{y} to y for every y ∈ Y the manifolds N j are glued along their
common boundary to give a closed manifold. This is the setup for surgery in
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spectral theory, and M is a particular example for a Z/2-manifold. The resulting
space Msing is nonsingular in this situation.
The elliptic operators to be considered on M are subject to boundary condi-
tions that respect the coupling of boundary points given by ℘. We will refer to these
conditions as coupling conditions in the sequel (they are called nonlocal boundary
value problems in [10]). It makes sense to think of the realization of an elliptic
operator subject to a coupling condition as a boundary contact problem. Examples
are operators of Laplace-type with Kirchhoff or δ-type conditions on a quantum
graph (see [6, 7]), and, in the case of a Z/2-manifold, operators with transmis-
sion or transfer conditions as discussed in the mathematical physics literature, see
also [3]. One of the motivations for the present work is to contribute to the theo-
retical underpinning of the heat equation method for these and related problems,
specifically as regards the treatment of general elliptic operators of arbitrary order.
Let E → M be a vector bundle, and let A ∈ Diffm(M,E), m > 0, be a
differential operator with coefficients in End(E) (all operators and structures in
this work are assumed to be smooth on M). Fix a Riemannian metric on M and a
Hermitian metric on E. Our main result is the following theorem.
Theorem 1.1. Let C be a coupling condition for A, and assume that the boundary
contact problem (A,C) is elliptic with parameter in the closed sector Λ ⊂ C (see
Section 2 for details). Then the following holds:
a) The operator AC = A with domain
D(AC) = {u ∈ H
ord(A)(M,E); Cu = 0}
is a closed operator in L2 = L2(M,E).
b) For λ ∈ Λ with |λ| > 0 sufficiently large the resolvent (AC −λ)−1 : L2 → D(AC)
exists and satisfies the norm estimate
‖(AC − λ)
−1‖L (L2) = O(|λ|
−1)
as |λ| → ∞.
c) For N > dimM/ ord(A) the operator (AC − λ)−N : L2 → L2 is trace class, and
for any ϕ ∈ C∞(M,End(E)) we have an asymptotic expansion
(1.2) Tr
(
ϕ(AC − λ)
−N
)
∼ |λ|−N
∞∑
j=0
cj(λˆ)|λ|
dimM−j
ord(A) as |λ| → ∞,
where cj = cj(ϕ,N,A,C) ∈ C∞(S1 ∩ Λ), and λˆ = λ/|λ|.
By standard arguments (see [2, 8, 15]) we get the following corollary from Theo-
rem 1.1.
Corollary 1.3. Let (A,C) be elliptic with parameter in a closed sector of the form
Λ = {λ ∈ C; | arg(λ)| ≥ π/2− ε} for some ε > 0. Then the following holds:
a) The heat semigroup e−tAC : L2 → L2 exists and is of trace class for t > 0, and
for every ϕ ∈ C∞(M,End(E)) we have an asymptotic expansion
(1.4) Tr
(
ϕe−tAC
)
∼
∞∑
j=0
αjt
j−dimM
ord(A) as t→ 0+
with certain heat invariants αj = αj(ϕ,A,C).
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b) If AC = A
∗
C > 0, then for every ϕ ∈ C
∞(M,End(E)) the zeta function
ζ(s, ϕ,AC) = Tr
(
ϕA−sC
)
extends to a meromorphic function on C with at most simple poles at the points
(dimM − j)/ ord(A), j ∈ N0, and regular on −N0.
c) If AC = A
∗
C , then the asymptotics of the eigenvalues λ1 ≤ λ2 ≤ . . . of AC
(counting multiplicities) is given by Weyl’s law
(1.5) λk ∼ Const · k
ord(A)/ dimM as k →∞.
The proof of Theorem 1.1 relies on reducing the nonlocal boundary contact problem
(A,C) near ∂M to the standard case of a local boundary value problem for a system
that is associated with A on Y × [0, ε). This utilizes the push-forward map ℘!. The
expansion then follows by approximating the resolvent of AC by a parametrix in a
suitable pseudodifferential calculus that is modelled on Boutet de Monvel’s calculus.
2. Coupling conditions and ellipticity
Let U(∂M) ∼= ∂M× [0, ε) be a collar neighborhood of the boundary. We extend the
covering ℘ : ∂M → Y to a covering ℘ : U(∂M)→ Y × [0, ε) in the obvious manner.
Choose a Riemannian metric gY on Y , and consider the metric h = gY + dx
2 on
Y × [0, ε). The given metric g onM and this choice of metric on Y × [0, ε) determine
a (discrete) measure µ(y,x) on the fibre ℘
−1{(y, x)} for every y ∈ Y and 0 ≤ x < ε
so that the canonical map
L2g(U(∂M))
∼= L2h(Y × [0, ε), ℘!C)
induced by ℘ is unitary. Here C → U(∂M) denotes the trivial line bundle, and
℘!C→ Y ×[0, ε) is the vector bundle with fibre ℘!C(y,x) = L
2(℘−1{(y, x)}, µ(y,x)) for
every y ∈ Y and x ∈ [0, ε). Strictly speaking, ℘!C is not necessarily a vector bundle
since we do not assume that the number of sheets of the covering ℘ : ∂M → Y is
the same over each connected component of Y , but this is resolved by considering
each component separately if necessary. Likewise, consider the push-forward bundle
℘!E → Y ×[0, ε). For the same reason ℘!E is not necessarily a bundle over Y ×[0, ε),
but its restriction to Y0 × [0, ε) is a vector bundle for each connected component
Y0 of Y . The fibre over (y, x) is ℘!E(y,x) = L
2(℘−1{(y, x)}, E), and the fibrewise
L2-inner product with respect to the measure µ(y,x) on ℘
−1{(y, x)} and the given
Hermitian metric on E induces a Hermitian metric on the bundle ℘!E. With this
data, the canonical map
(2.1) U : L2g(U(∂M), E)
∼= L2h(Y × [0, ε), ℘!E)
induced by ℘ is unitary. Moreover, U is an isomorphism
U : Hsloc(U(∂M), E)
∼= Hsloc(Y × [0, ε), ℘!E)
between the Sobolev spaces for all s ∈ R.
Let Λ ⊂ C be a closed sector of the form Λ = {reiϕ; r ≥ 0, |ϕ − ϕ0| ≤ a} for
some a > 0. Let A ∈ Diffm(M,E), m > 0. Our standing assumption is that A is
elliptic with parameter in Λ. Recall that this means that the principal symbol
σ (A) ∈ C∞
(
T ∗M \ 0,End(π∗E)
)
, where π : T ∗M →M,
has no eigenvalue in Λ.
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Definition 2.2. Let Y0 be any connected component of Y , and let F0,j → Y0×[0, ε),
j = 1, . . . ,M0, be vector bundles. Let B0,j ∈ Diff
m0,j (Y0 × [0, ε), ℘!E,F0,j) be
differential operators, where m0,j < m. We call the mapping
C0 = γY0


B0,1
...
B0,M0

U ◦ rU0 : C∞(M,E)→ C∞
(
Y0,
M0⊕
j=1
F0,j |Y0×{0}
)
a coupling condition associated with Y0, where γY0 : f 7→ f |Y0×{0} is the trace map
for functions on Y0 × [0, ε), and rU0 : C
∞(M,E) → C∞(U0, E) is the restriction
of functions to the subset U0 = ℘
−1
(
Y0 × [0, ε)
)
of the collar neighborhood of ∂M .
By a coupling condition we mean a map
C : C∞(M,E)→
⊕
Y0⊂Y
C∞
(
Y0,
M0⊕
j=1
F0,j |Y0×{0}
)
given by a choice of coupling condition for each component Y0.
The mapping
(
A
C
)
: Hs(M,E)→
Hs−m(M,E)
⊕⊕
Y0⊂Y
⊕M0
j=1H
s−m0,j−1/2(Y0, F0,j |Y0×{0})
is continuous for all s > m − 1/2. We will refer to the pair (A,C) as a boundary
contact problem.
Consider the operator
A = U AU −1 : C∞(Y × [0, ε), ℘!E)→ C
∞(Y × [0, ε), ℘!E).
A ∈ Diffm(Y × [0, ε), ℘!E), and A is elliptic with parameter in Λ since this is the
case for A. Locally, A can be regarded as a ‘diagonal operator’ with the various
restrictions of A to the sheets of ℘ on the diagonal.
Let B0 = γY0
(
B0,1 · · · B0,M0
)tr
. Then
(2.3)
(
A
B0
)
: C∞(Y0 × [0, ε), ℘!E)→
C∞(Y0 × [0, ε), ℘!E)
⊕
C∞
(
Y0,
⊕M0
j=1 F0,j |Y0×{0}
)
is a boundary value problem for A on Y0 × [0, ε).
Definition 2.4. We call the boundary contact problem (A,C) elliptic with param-
eter in Λ if A is elliptic with parameter in Λ, and if the boundary value problem
(2.3) is elliptic with parameter in Λ for all connected components Y0 ⊂ Y , i.e., if
(A ,B0) satisfies the Agmon or parameter-dependent Shapiro-Lopatinsky condition
with respect to the sector Λ. Recall that this means that the boundary symbol
(
σ (A )(y, 0, η,Dx)− λ
γx=0 σ (B0)(y, 0, η,Dx)
)
: S (R+)⊗ π
∗℘!E|Y0×{0} →
S (R+)⊗ π∗℘!E|Y0×{0}
⊕⊕M0
j=1 π
∗F0,j |Y0×{0}
is invertible for all (y, η;λ) ∈
(
T ∗Y0 × Λ
)
\ {0}, where π : T ∗Y0 → Y0 is the canon-
ical projection (see [4, 12] for details). Here σ (A )(y, x, η, ξ) and σ (B0)(y, x, η, ξ)
denote the (vectors) of homogeneous principal symbols of A and B0, respectively,
and γx=0 is the evaluation map f 7→ f(0) on S (R+).
RESOLVENT EXPANSION FOR ELLIPTIC BOUNDARY CONTACT PROBLEMS 5
Ellipticity without parameters and the Fredholm property for realizations of
elliptic operators subject to coupling conditions has been addressed in [10].
3. A class of pseudodifferential operators
In this section we define an enveloping pseudodifferential calculus associated with
boundary contact problems. This calculus is modelled on Boutet de Monvel’s al-
gebra of pseudodifferential boundary value problems that depend strongly poly-
homogeneous on a parameter λ ∈ Λ (see [4, 12]). The resolvent of AC will be
approximated by a parametrix in this calculus to furnish the proof of Theorem 1.1,
see Section 4.
Let J0,± → Y0 be vector bundles on each connected component Y0 ⊂ Y (the
zero bundle is admitted here). Fix a vector field ∂ on the double 2M of M that
coincides in the collar neighborhood ∂M × (−ε, ε) of the boundary with the vector
field ∂x, and let
∂+ = r+∇
E
∂ e+ : C
∞(M,E)→ C∞(M,E),
where e+ is the trivial extension operator by zero for functions defined onM to the
double 2M , r+ is the restriction operator for distributions on 2M to M , and ∇E
is a Hermitian connection on the (extended) bundle E → 2M .
Moreover, let ℓ ∈ N be fixed. ℓ represents the anisotropy between the covari-
ables and the parameter λ ∈ Λ. For the treatment of the resolvent of AC we will
choose ℓ = m = ord(A).
Definition 3.1 (Regularizing Green operators). a) By Ψ−∞,0(Λ) we denote the
class of all operator families
G(λ) :
Hs0 (M,E)
⊕⊕
Y0⊂Y
Hs(Y0, J0,−)
→
Ht(M,E)
⊕⊕
Y0⊂Y
Ht(Y0, J0,+)
that depend rapidly decreasing on λ ∈ Λ, for all s, t ∈ R. In other words,
Ψ∞,0(Λ) consists of all operator families with C∞-kernels that depend rapidly
decreasing on λ ∈ Λ.
b) For d ∈ N0 let Ψ
−∞,d(Λ) be the class of all operator families of the form
G(λ) =
d∑
j=0
Gj(λ)
(
∂+ 0
0 0
)j
:
C∞(M,E)
⊕⊕
Y0⊂Y
C∞(Y0, J0,−)
→
C∞(M,E)
⊕⊕
Y0⊂Y
C∞(Y0, J0,+)
with Gj(λ) ∈ Ψ−∞,0(Λ).
Let ϕ ∈ C∞(Y × [0, ε)) be such that ϕ is locally constant on Y = Y ×{0}. The
restriction of ϕ to Y is a sum
(3.2) ϕ|Y =
∑
Y0⊂Y
aY0 · χY0
of multiples of the characteristic functions χY0 associated with the various connected
components Y0 of Y . Since multiplication by the characteristic function χY1 is a
projection operator, it thus makes sense to consider
χY1 :
⊕
Y0⊂Y
C∞(Y0, J0,±)→ C
∞(Y1, J1,±)
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as the projection operator to the subspace
C∞(Y1, J1,±) →֒
⊕
Y0⊂Y
C∞(Y0, J0,±).
Consequently, we consider
ϕ|Y :
⊕
Y0⊂Y
C∞(Y0, J0,±)→
⊕
Y0⊂Y
C∞(Y0, J0,±)
an operator defined by the sum of multiples (3.2) of the projection operators asso-
ciated with the characteristic functions of the connected components.
Let ϕ˜ ∈ C∞(M) be such that ϕ˜ is the pull-back ℘∗ϕ for a function ϕ as above
near the boundary ∂M . For such functions ϕ˜ we are going to use the notational
convention that ϕ˜ is also to be understood as the operator
ϕ˜ =
(
ϕ˜ 0
0 ϕ|Y
)
:
C∞(M,E)
⊕⊕
Y0⊂Y
C∞(Y0, J0,±)
→
C∞(M,E)
⊕⊕
Y0⊂Y
C∞(Y0, J0,±)
,
given by the multiplication operator with the function ϕ˜ in the upper left corner,
and in the lower right corner by the operator ϕ|Y explained above.
Definition 3.3 (Singular Green operators). Let µ ∈ Z, d ∈ N0. The class Ψ
µ,d
G (Λ)
consists of all operator families
G(λ) :
C∞(M,E)
⊕⊕
Y0⊂Y
C∞(Y0, J0,−)
→
C∞(M,E)
⊕⊕
Y0⊂Y
C∞(Y0, J0,+)
with the following properties:
• Let Y0 ⊂ Y be any connected component, and let ϕ, ψ ∈ C∞(Y0 × [0, ε))
be compactly supported and constant on Y0. Consider the operator family
(3.4)
(
U 0
0 1
)
◦
(
℘∗ϕG(λ)℘∗ψ
)
◦
(
U
−1 0
0 1
)
,
acting in the spaces
C∞(Y0 × [0, ε), ℘!E)
⊕
C∞(Y0, J0,−)
→
C∞(Y0 × [0, ε), ℘!E)
⊕
C∞(Y0, J0,+)
.
We require this family to belong to the class of (strongly polyhomoge-
neous) anisotropic parameter-dependent (generalized) singular Green op-
erators of order µ and type d in Boutet de Monvel’s calculus on Y0× [0, ε).
• Let ϕ˜, ψ˜ ∈ C∞(M) be such that ϕ˜ = ℘∗ϕ and ψ˜ = ℘∗ψ near the boundary
∂M for functions ϕ, ψ ∈ C∞(Y × [0, ε)) that are locally constant on Y ,
and assume that suppϕ ∩ suppψ ∩ Y = ∅.
We then require the operator family ϕ˜G(λ)ψ˜ to belong to the class
Ψ−∞,d(Λ) defined in Definition 3.1.
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Since the operator family (3.4) belongs to Boutet de Monvel’s calculus on Y0× [0, ε)
it has a principal boundary symbol associated with it. Let σY0(G)(y, η;λ) be that
principal boundary symbol, an element of
C∞

(T ∗Y0 × Λ) \ {0},Hom

 S (R+)⊗ π
∗℘!E
∣∣
Y0
⊕
π∗J0,−
,
S (R+)⊗ π∗℘!E
∣∣
Y0
⊕
π∗J0,+



 ,
where π :
(
T ∗Y0×Λ
)
\ {0} → Y0 is the canonical projection. Thus, associated with
G(λ), we have an operator valued principal Y0-symbol on
(
T ∗Y0 × Λ
)
\ {0} for all
connected components Y0 ⊂ Y . Recall that σY0(G)(y, η;λ) is homogeneous in the
sense that σY0(G)(y, ̺η; ̺
ℓλ) equals
̺µ
(
κ̺ ⊗ Idπ∗℘!E|Y0 0
0 Idπ∗J0,+
)
σ Y0(G)(y, η;λ)
(
κ−1̺ ⊗ Idπ∗℘!E|Y0 0
0 Idπ∗J0,−
)
for ̺ > 0, where
(
κ̺u
)
(x) = ̺1/2u(̺x).
Remark 3.5. In local coordinates near the boundary of Y0×[0, ε), the local bound-
ary symbols of the operator (3.4) are operator families
g(y, η;λ) =
d∑
j=0
gj(y, η;λ)
(
∂+ 0
0 0
)j
,
where the gj(y, η;λ) are boundary symbols of order µ− j and type zero.
A boundary symbol of order µ ∈ Z and type zero is a C∞-function
(3.6) h(y, η;λ) :
S ′(R+)⊗ Cdim℘!E|Y0
⊕
Cdim J0,−
→
S (R+)⊗ Cdim℘!E|Y0
⊕
CdimJ0,+
such that (
κ−1
(1+|η|+|λ|1/ℓ)
0
0 1
)(
∂αy ∂
β
η ∂
γ
λh(y, η;λ)
) (κ(1+|η|+|λ|1/ℓ) 0
0 1
)
is O
(
(1 + |η|+ |λ|1/ℓ)µ−|β|−ℓ|γ|
)
as |(η, λ)| → ∞ in the topology of uniform conver-
gence on bounded subsets of the continuous operators in the spaces (3.6), uniformly
for y in compact subsets. Moreover, h(y, η;λ) has an asymptotic expansion
h(y, η;λ) ∼
∞∑
j=0
χ(η, λ)h(µ−j)(y, η;λ),
where χ is an excision function of the origin, and the operator family h(µ−j)(y, η;λ)
is (twisted) anisotropic homogeneous of degree µ− j in the sense that
h(µ−j)(y, ̺η; ̺
ℓλ) = ̺µ−j
(
κ̺ 0
0 1
)
h(µ−j)(y, η;λ)
(
κ−1̺ 0
0 1
)
for ̺ > 0 and (η, λ) 6= (0, 0).
This description of the boundary symbol structure of generalized singular Green
operators in Boutet de Monvel’s calculus follows Schulze [12], see also [11].
Let
h0(y, η;λ) : S
′(R+)⊗ C
dim℘!E|Y0 → S (R+)⊗ C
dim℘!E|Y0
be the upper left corner of the symbol (3.6). From the latter description it is
immediately clear that h0(y, η;λ) is of trace class as an operator acting in L
2(R+)⊗
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Cdim℘!E|Y0 , and that its trace trL2 h0(y, η;λ) is an ordinary anisotropic parameter-
dependent classical symbol of order µ (see Remark 3.10).
Remark 3.7. Let Bµ,dG (Λ) be the class of anisotropic parameter-dependent sin-
gular Green operators G(λ) : C∞(M,E) → C∞(M,E) of order µ and type d in
Boutet de Monvel’s calculus on M , and let B−∞,d(Λ) be the subspace of regular-
izing singular Green operators of type d. Then
B
µ,d
G (Λ) ⊂ Ψ
µ,d
G (Λ) and B
−∞,d(Λ) = Ψ−∞,d(Λ).
In the interesting cases for us Bµ,dG (Λ) 6= Ψ
µ,d
G (Λ) because the covering ℘ : ∂M → Y
has multiple sheets.
Definition 3.8 (The full calculus). Let µ ∈ Z, d ∈ N0. The class Ψµ,d(Λ) consists
of all operator families
(3.9)
A(λ) =
(
r+A0(λ)e+ 0
0 0
)
+G(λ) :
C∞(M,E)
⊕⊕
Y0⊂Y
C∞(Y0, J0,−)
→
C∞(M,E)
⊕⊕
Y0⊂Y
C∞(Y0, J0,+)
,
where G(λ) ∈ Ψµ,dG (Λ), and A0(λ) is an anisotropic parameter-dependent pseudo-
differential operator on 2M with the transmission property at ∂M .
Remark 3.10. The local symbols a(z, ζ;λ) of A0(λ) in Definition 3.8 satisfy the
symbol estimates
|∂αz ∂
β
ζ ∂
γ
λa(z, ζ;λ)| = O
(
(1 + |ζ|+ |λ|1/ℓ)µ−|β|−ℓ|γ|
)
as |(ζ, λ)| → ∞, uniformly for z in compact subsets, and they have an asymptotic
expansion
a(z, ζ;λ) ∼
∞∑
j=0
χ(ζ, λ)a(µ−j)(z, ζ;λ),
where χ is an excision function of the origin, and a(µ−j)(z, ζ;λ) is anisotropic ho-
mogeneous of degree µ− j, i.e.,
a(µ−j)(z, ̺ζ; ̺
ℓλ) = ̺µ−ja(µ−j)(z, ζ;λ) for ̺ > 0 and (ζ, λ) 6= (0, 0).
Let ϕ ∈ C∞(Y0 × [0, ε)) be compactly supported such that ϕ ≡ 1 near Y0.
U ◦
(
℘∗ϕr+A0(λ)e+℘
∗ϕ
)
◦U −1 : C∞(Y0 × [0, ε), ℘!E)→ C
∞(Y0 × [0, ε), ℘!E)
is a parameter-dependent pseudodifferential operator in Boutet de Monvel’s calculus
on Y0 × [0, ε), and thus has a principal boundary symbol. For each connected
component Y0 ⊂ Y , let σ Y0(A0)(y, η;λ) be that principal boundary symbol on(
T ∗Y0×Λ)\{0}. Consequently, the following principal symbols are associated with
every operator A(λ) ∈ Ψµ,d(Λ) as given by (3.9):
• The homogeneous principal symbol
σ (A)(z, ζ;λ) := σ (A0)(z, ζ;λ) ∈ C
∞
(
(T ∗M × Λ) \ {0},End(π∗E)
)
,
where π : (T ∗M × Λ) \ {0} →M is the canonical projection.
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• The principal Y0-symbol
σ Y0(A)(y, η;λ) :=
(
σY0(A0)(y, η;λ) 0
0 0
)
+ σ Y0(G)(y, η;λ)
defined on
(
T ∗Y0 × Λ
)
\ {0} for every connected component Y0 ⊂ Y .
Definition 3.11. An operator family A(λ) ∈ Ψµ,d(Λ) is parameter-dependent
elliptic if its homogeneous principal symbol σ (A)(z, ζ;λ) is invertible for every
(z, ζ;λ) ∈ (T ∗M ×Λ)\{0}, and its principal Y0-symbol σ Y0(A)(y, η;λ) is invertible
for all (y, η;λ) ∈ (T ∗Y0 × Λ) \ {0}, for all connected components Y0 ⊂ Y .
Theorem 3.12. a) Every A(λ) ∈ Ψµ,d(Λ) extends by continuity to a family of
continuous operators
(3.13) A(λ) :
Hs(M,E)
⊕⊕
Y0⊂Y
Hs(Y0, J0,−)
→
Hs−µ(M,E)
⊕⊕
Y0⊂Y
Hs−µ(Y0, J0,+)
for s > d− 1/2.
b) Let A(λ) ∈ Ψµ,0(Λ), where µ ≤ 0. Then the operator norm of
A(λ) :
L2(M,E)
⊕⊕
Y0⊂Y
L2(Y0, J0,−)
→
L2(M,E)
⊕⊕
Y0⊂Y
L2(Y0, J0,+)
is O(|λ|µ/ℓ) as |λ| → ∞.
Proof. Write
A(λ) =
(
r+A0(λ)e+ 0
0 0
)
+G(λ)
as in (3.9). Both a) and b) are clear for
(
r+A0(λ)e+ 0
0 0
)
.
Let ϕ0, ψ0 ∈ C∞(Y0 × [0, ε)) be compactly supported such that ϕ0 ≡ 1 near
Y0, and ψ0 ≡ 1 in a neighborhood of the support of ϕ0. Then
G(λ) =
∑
Y0⊂Y
℘∗ϕ0G(λ)℘
∗ψ0 +R(λ),
where R(λ) ∈ Ψ−∞,d(Λ). Both a) and b) are evident for R(λ). The operator(
U 0
0 1
)
◦
(
℘∗ϕ0G(λ)℘
∗ψ0
)
◦
(
U −1 0
0 1
)
is a parameter-dependent generalized singular Green operator in Boutet de Monvel’s
calculus on Y0 × [0, ε) (supported near the boundary Y0). Consequently, both
assertions a) and b) are valid for this operator on Y0 × [0, ε). Since the canonical
map U is an isometry in L2 and an isomorphism between the Sobolev spaces, see
the discussion around (2.1), a) and b) follow for the operators ℘∗ϕ0G(λ)℘
∗ψ0. 
Theorem 3.14. Let Aj(λ) ∈ Ψµj ,dj(Λ), j = 1, 2, and assume that the vector
bundles fit together such that the composition A1(λ)A2(λ) is defined.
Then A1(λ)A2(λ) ∈ Ψ
µ1+µ2,d(Λ), where d = max{d1 + µ2, d2}. We have
σ (A1A2)(z, ζ;λ) = σ (A1)(z, ζ;λ)σ (A2)(z, ζ;λ),
σ Y0(A1A2)(y, η;λ) = σ Y0(A1)(y, η;λ)σ Y0(A2)(y, η;λ)
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for all connected components Y0 ⊂ Y .
Proof. We first observe that the composition of operator families is well-
defined in
(3.15)
Ψµ1,d1(Λ)×Ψ−∞,d2(Λ)→ Ψ−∞,d(Λ),
Ψ−∞,d1(Λ)×Ψµ2,d2(Λ)→ Ψ−∞,d(Λ).
The first of these statements follows immediately from the definition of the calculus
and Theorem 3.12. To prove the second, let ϕ0, ψ0 ∈ C∞(Y0 × [0, ε)) be compactly
supported, and let ϕ0 ≡ 1 near Y0, and ψ0 ≡ 1 in a neighborhood of the support of
ϕ0. Let
φint = 1−
∑
Y0⊂Y
℘∗ϕ0,
and let ψint ∈ C∞(M) be compactly supported away from ∂M with ψint ≡ 1 in a
neighborhood of the support of ϕint. Let A(λ) ∈ Ψµ2,d2(Λ). We write
(3.16) A(λ) =
∑
Y0⊂Y
℘∗ϕ0A(λ)℘
∗ψ0 + ϕintA(λ)ψint +R(λ)
with R(λ) ∈ Ψ−∞,d2(Λ). Thus it remains to treat the composition of G(λ) ∈
Ψ−∞,d1(Λ) with every summand in (3.16). Write
G(λ) =
d1∑
j=0
Gj(λ)
(
∂+ 0
0 0
)j
with Gj(λ) ∈ Ψ
−∞,0(Λ).
From the composition theorem in Boutet de Monvel’s calculus on Y0 × [0, ε) we
obtain that(
U 0
0 1
)(
∂+ 0
0 0
)j (
U −1 0
0 1
)
◦
(
U 0
0 1
)
℘∗ϕ0A(λ)℘
∗ψ0
(
U −1 0
0 1
)
belongs to Boutet de Monvel’s calculus on Y0× [0, ε). Since Gj(λ) is an integral op-
erator with C∞-kernel that depends rapidly decreasing on λ ∈ Λ, we thus conclude
that
Gj(λ)
(
∂+ 0
0 0
)j
℘∗ϕ0A(λ)℘
∗ψ0 ∈ Ψ
−∞,d(Λ).
The latter conclusion utilizes the mapping properties of U , and the standard map-
ping properties of operators in Boutet de Monvel’s calculus. It is clear that the
compositions G(λ)ϕintA(λ)ψint and G(λ)R(λ) belong to Ψ
−∞,d(Λ). This finishes
the proof of (3.15).
Now consider the general case. Let ψ˜0 ∈ C∞(Y0 × [0, ε)) be compactly sup-
ported with ψ˜0 ≡ 1 in a neighborhood of the support of ψ0. Write
℘∗ϕ0A1(λ)A2(λ)℘
∗ψ0 =
(
℘∗ϕ0A1(λ)℘
∗ψ0
)(
℘∗ψ˜0A2(λ)℘
∗ψ0
)
+ ℘∗ϕ0A1(λ)(1 − ℘
∗ψ˜0)A2(λ)℘
∗ψ0.
The operator (1− ℘∗ψ˜0)A2(λ)℘∗ψ0 ∈ Ψ−∞,d2(Λ), and thus
℘∗ϕ0A1(λ)(1 − ℘
∗ψ˜0)A2(λ)℘
∗ψ0 ∈ Ψ
−∞,d(Λ)
by (3.15). Utilizing the mapping U and the composition theorem in Boutet de
Monvel’s calculus on Y0 × [0, ε), we get(
℘∗ϕ0A1(λ)℘
∗ψ0
)(
℘∗ψ˜0A2(λ)℘
∗ψ0
)
∈ Ψµ1+µ2,d(Λ).
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Hence ℘∗ϕ0A1(λ)A2(λ)℘
∗ψ0 ∈ Ψµ1+µ2,d(Λ), and
σ (℘∗ϕ0A1(λ)A2(λ)℘
∗ψ0) = ℘
∗ϕ0 σ (A1)σ (A2),
σY0(℘
∗ϕ0A1(λ)A2(λ)℘
∗ψ0) = σY0(A1A2) = σ Y0(A1)σY0(A2).
One comment about this argument is in order. Decompose the Aj(λ) according
to (3.9) into pseudodifferential and singular Green parts. The pseudodifferential
parts multiply by the composition theorem in Boutet de Monvel’s calculus on M .
Hence we have the pseudodifferential parts of ℘∗ϕ0A1(λ)A2(λ)℘
∗ψ0 under con-
trol, we don’t catch contributions that are not pseudolocal on M by pulling back
pseudodifferential operators from Y0 × [0, ε) via U .
Let ψˆ0 ∈ C
∞(Y0 × [0, ε)) be compactly supported such that ψˆ0 ≡ 1 in a
neighborhood of the support of ϕ0, and such that ψ0 ≡ 1 in a neighborhood of the
support of ψˆ0. Then
℘∗ϕ0A1(λ)A2(λ)(1 − ℘
∗ψ0) =
(
℘∗ϕ0A1(λ)(1 − ℘
∗ψˆ0)
)
A2(λ)(1 − ℘
∗ψ0)
+ ℘∗ϕ0A1(λ)
(
℘∗ψˆ0A2(λ)(1 − ℘
∗ψ0)
)
.
Now(
℘∗ϕ0A1(λ)(1 − ℘
∗ψˆ0)
)
∈ Ψ−∞,d1(Λ) and
(
℘∗ψˆ0A2(λ)(1 − ℘
∗ψ0)
)
∈ Ψ−∞,d2(Λ),
and thus
℘∗ϕ0A1(λ)A2(λ)(1 − ℘
∗ψ0) ∈ Ψ
−∞,d(Λ)
by (3.15). A similar argument shows that
ϕintA1(λ)A2(λ)ψint ∈ Ψ
µ1+µ2,d(Λ)
with
σ (ϕintA1(λ)A2(λ)ψint) = ϕint σ (A1)σ (A2),
and likewise
ϕintA1(λ)A2(λ)(1 − ψint) ∈ Ψ
−∞,d(Λ).
Now write
A1(λ)A2(λ) =
∑
Y0⊂Y
℘∗ϕ0A1(λ)A2(λ)℘
∗ψ0 + ϕintA1(λ)A2(λ)ψint +R(λ).
According to the arguments given above we conclude that R(λ) ∈ Ψ−∞,d(Λ), and
we see that every summand in this representation belongs to Ψµ1+µ2,d(Λ). Con-
sequently, A1(λ)A2(λ) ∈ Ψµ1+µ2,d(Λ), and the asserted identities for the principal
symbols follow from the corresponding identities obtained above for the summands.
This finishes the proof of the theorem. 
Theorem 3.17. Let A(λ) ∈ Ψµ,d(Λ) be parameter-dependent elliptic in the sense
of Definition 3.11. Then there exists a parameter-dependent parametrix P (λ) ∈
Ψ−µ,(d−µ)+(Λ) of A(λ), where (d− µ)+ = max{d− µ, 0}, i.e., we have
P (λ)A(λ) − 1 ∈ Ψ−∞,∗(Λ), and A(λ)P (λ) − 1 ∈ Ψ−∞,∗(Λ).
The types of these regularizing remainders are given by the type formula from The-
orem 3.14.
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Proof. Consider the restrictions of A(λ) to ℘−1(Y0× [0, ε)), i.e., the operators
A(λ)|℘−1(Y0×[0,ε)) :
C∞c (℘
−1(Y0 × [0, ε)), E)
⊕
C∞(Y0, J0,−)
→
C∞(℘−1(Y0 × [0, ε)), E)
⊕
C∞(Y0, J0,+)
.
By construction of the calculus and by assumption, we obtain that(
U 0
0 1
)
A(λ)|℘−1(Y0×[0,ε))
(
U −1 0
0 1
)
is a parameter-dependent elliptic boundary value problem in Boutet de Monvel’s
calculus on Y0 × [0, ε). Let PY0(λ) be a parameter-dependent parametrix of this
operator, and consider
℘∗ϕ0
(
U −1 0
0 1
)
PY0(λ)
(
U 0
0 1
)
℘∗ψ0
with the functions ϕ0, ψ0 from the proof of Theorem 3.14. This operator belongs
to Ψ−µ,(d−µ)+(Λ).
Let r+P0(λ)e+ be a parameter-dependent parametrix of the (interior) pseudo-
differential part r+A0(λ)e+ of A(λ) according to (3.9), and let
P (λ) =
∑
Y0⊂Y
℘∗ϕ0
(
U −1 0
0 1
)
PY0(λ)
(
U 0
0 1
)
℘∗ψ0 +ϕint
(
r+P0(λ)e+ 0
0 0
)
ψint,
where ϕint and ψint are as in the proof of Theorem 3.14. By construction, P (λ) ∈
Ψ−µ,(d−µ)+(Λ) is then a parameter-dependent parametrix of A(λ) as desired. 
4. The expansion of the resolvent
This last section is devoted to the proof of the main result Theorem 1.1. We break
it up into two parts, Theorem 4.3 and Theorem 4.4 below. Having the calculus
from Section 3 at hand, we are able to argue parallel to the classical arguments for
closed manifolds and differential boundary value problems, see [2, 4, 5]. In what
follows, we use the notation and conventions from Section 2.
Let
C0 = γY0


B0,1
...
B0,M0

U ◦ rU0 : C∞(M,E)→ C∞
(
Y0,
M0⊕
j=1
F0,j |Y0×{0}
)
be the coupling condition for A associated with Y0 from Definition 2.2. Recall that
the operators B0,j have orders m0,j < m. For each j, choose a family
Rj(λ) : C
∞(Y0, F0,j |Y0×{0})→ C
∞(Y0, F0,j |Y0×{0})
of order m− (m0,j − 1/2) in the calculus of anisotropic parameter-dependent pseu-
dodifferential operators on Y0 that is invertible with inverse Rj(λ)
−1 being of order
m0,j − 1/2 −m in that calculus. Throughout this section, the anisotropy is fixed
to be ℓ = m = ord(A).
Let
J0,+ =
M0⊕
j=1
F0,j |Y0×{0},
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and let
T0(λ) =


R1(λ) 0
. . .
0 RM0(λ)

C0 : C∞(M,E)→ C∞(Y0, J0,+).
Let T (λ) be the direct sum of the operators T0(λ). Then
(4.1) A(λ) =
(
A− λ
T (λ)
)
: C∞(M,E)→
C∞(M,E)
⊕⊕
Y0⊂Y
C∞(Y0, J0,+)
belongs to the operator class Ψm,m(Λ) constructed in Section 3. The following
lemma is immediate.
Lemma 4.2. The boundary contact problem (A,C) is elliptic with parameter in Λ
in the sense of Definition 2.4 if and only if the operator family A(λ) ∈ Ψm,m(Λ)
from (4.1) is parameter-dependent elliptic in the sense of Definition 3.11.
Theorem 4.3. Let (A,C) be elliptic with parameter in Λ.
a) The operator
(
A− λ
C
)
: Hs(M,E)→
Hs−m(M,E)
⊕⊕
Y0⊂Y
⊕M0
j=1H
s−m0,j−1/2(Y0, F0,j |Y0×{0})
is invertible for all s > m− 1/2 and all λ ∈ Λ with |λ| sufficiently large.
Consequently, the unbounded operator AC in L
2(M,E) that acts like A and
has domain
D(AC) = {u ∈ H
m(M,E); Cu = 0}
is closed and densely defined, and for large λ ∈ Λ the resolvent (AC − λ)−1
exists.
b) There exists Q(λ) ∈ Ψ−m,0(λ) such that (AC −λ)−1 = Q(λ) for large λ ∈ Λ. In
particular, by Theorem 3.12, the resolvent satisfies the norm estimate
‖(AC − λ)
−1‖
L (L2(M,E)) = O(|λ|
−1)
as |λ| → ∞.
Proof. The operator A(λ) in (4.1) is parameter-dependent elliptic. Thus, by
Theorem 3.17, there exists a parametrix P (λ) ∈ Ψ−m,0(Λ) of A(λ). Consequently,
A(λ)P (λ) − 1 = R1(λ) ∈ Ψ
−∞,0(Λ) and P (λ)A(λ) − 1 = R2(λ) ∈ Ψ
−∞,m(Λ).
For large λ ∈ Λ, the operators 1 + R1(λ) and 1 + R2(λ) are invertible as bounded
operators in the Sobolev spaces. Write(
1 +Rj(λ)
)−1
= 1−Rj(λ) +Rj(λ)χ(λ)
(
1 +Rj(λ)
)−1
Rj(λ)
for large λ, where χ is a suitable excision function of the origin. From the definition
of the class of regularizing operators we obtain that
R1(λ)χ(λ)
(
1 +R1(λ)
)−1
R1(λ) ∈ Ψ
−∞,0(Λ),
and
R2(λ)χ(λ)
(
1 +R2(λ)
)−1
R2(λ) ∈ Ψ
−∞,m(Λ).
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Thus
(
1+Rj(λ)
)−1
= 1+ R˜j(λ) with regularizing operators R˜j(λ). Consequently,
P (λ)(1 + R˜1(λ)) =
(
Q(λ) K(λ)
)
∈ Ψ−m,0(Λ)
inverts the operator A(λ) for large λ ∈ Λ. Both a) and b) thus follow in view of
D(AC) = {u ∈ H
m(M,E); T (λ)u = 0}.

Theorem 4.4. Let (A,C) be elliptic with parameter in the sector Λ, and let B ∈
Diffk(M,E). For N > dimM+km and large λ ∈ Λ the operator
B(AC − λ)
−N : L2(M,E)→ L2(M,E)
is of trace class, and the trace has an asymptotic expansion
Tr
(
B(AC − λ)
−N
)
∼ |λ|−N
∞∑
j=0
cj(λˆ)|λ|
dimM+k−j
m as |λ| → ∞,
where cj = cj(B,N,A,C) ∈ C∞(S1 ∩ Λ), and λˆ = λ/|λ|.
Proof. By Theorem 4.3, we have (AC − λ)−1 = Q(λ) for large λ ∈ Λ with
Q(λ) ∈ Ψ−m,0(Λ). Because B ∈ Ψk,0(λ), we obtain from the composition theorem
(Theorem 3.14) that B(AC − λ)−N = BQ(λ)N ∈ Ψ−Nm+k,0(Λ). Since the embed-
ding Hs(M,E) →֒ L2(M,E) is nuclear for s > dimM , we get from Theorem 3.12
that
B(AC − λ)
−N : L2(M,E)→ HNm−k(M,E) →֒ L2(M,E)
is of trace class as an operator in L2(M,E) provided that Nm− k > dimM . This
proves the first assertion of the theorem.
In order to show the expansion, it suffices to show that for any P (λ) ∈ Ψµ,0(Λ),
where µ < − dimM , the L2-trace TrP (λ) has an asymptotic expansion
TrP (λ) ∼
∞∑
j=0
cj(λˆ)|λ|
dimM+µ−j
m as |λ| → ∞.
To do this, we decompose P (λ) = r+P0(λ)e+ + G(λ) in a pseudodifferential and
singular Green operator according to (3.9), and consider the terms separately. The
expansion of the trace of the pseudodifferential part Tr(r+P0(λ)e+) follows like in
the case of a closed manifold. For the benefit of the reader, we briefly sketch the
argument:
Choose a partition of unity ϕ1, . . . , ϕM subordinate to a finite covering of M
by coordinate neighborhoods such that, in addition, E is trivial over each of these
neighborhoods. Choose functions ψj supported in the respective coordinate neigh-
borhoods such that ψj ≡ 1 in a neighborhood of the support of ϕj . Write the
operator P+0 (λ) = r+P0(λ)e+ as
P+0 (λ) =
M∑
j=0
ϕjP
+
0 (λ)ψj +R(λ),
where R(λ) ∈ Ψ−∞,0(Λ). Because TrR(λ) ∼ 0, the expansion of TrP+0 (λ) reduces
to expanding Tr
(
ϕjP
+
0 (λ)ψj
)
for each j. This converts to a problem in coordinates.
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In coordinates, the L2-trace is given by the integral of the trace of the Schwartz
kernel over the diagonal. Thus, if p(z, ζ;λ) is a local symbol, the trace is given by
(2π)−n
∫∫
tr p(z, ζ;λ) dz dζ ∼
∞∑
j=0
(2π)−n
∫∫
tr p(µ−j)(z, ζ;λ) dz dζ as |λ| → ∞,
where p(µ−j)(z, ζ;λ) is the anisotropic homogeneous component of degree µ− j of
p, n = dimM , and tr denotes the fibrewise trace. Recall that
p(µ−j)(z, ̺ζ; ̺
mλ) = ̺µ−jp(µ−j)(z, ζ;λ)
for ̺ > 0 and (ζ, λ) 6= (0, 0). Thus
(2π)−n
∫∫
tr p(µ−j)(z, ζ;λ) dz dζ
=
(
(2π)−n
∫∫
tr p(µ−j)(z, |λ|
−1/mζ; λˆ) dz dζ
)
· |λ|(µ−j)/m
=
(
(2π)−n
∫∫
tr p(µ−j)(z, ζ; λˆ) dz dζ
)
· |λ|(n+µ−j)/m.
This shows that the desired asymptotic expansion holds for TrP+0 (λ).
Now consider the trace TrG(λ). We shall work with the functions ϕ0 and ψ0
from the proof of Theorem 3.14 (these are not to be confused with the ϕj ’s and
ψj ’s above). Write
G(λ) =
∑
Y0⊂Y
ϕ0G(λ)ψ0 + G˜(λ)
with G˜(λ) ∈ Ψ−∞,0(Λ). In view of Tr G˜(λ) ∼ 0, we only need to expand the trace
Tr
(
ϕ0G(λ)ψ0
)
for each Y0. From the trace property we get
Tr
(
ϕ0G(λ)ψ0
)
= Tr
(
U ◦
(
ϕ0G(λ)ψ0
)
◦U −1
)
with the canonical map U from (2.1). The operator GY0(λ) = U ◦
(
ϕ0G(λ)ψ0
)
◦
U
−1 is an anisotropic parameter-dependent singular Green operator of order µ and
type zero in Boutet de Monvel’s calculus on Y0×[0, ε) supported near the boundary.
Hence we know that
TrGY0(λ) ∼
∞∑
j=0
dj(λˆ)|λ|
(n−1)+µ−j
m as |λ| → ∞.
For the benefit of the reader, let us stress that the latter expansion is proved
following the same scheme as the expansion of the pseudodifferential part above:
A similar localization argument as the one given above reduces the task of
expanding TrGY0(λ) to expanding the trace in coordinates near the boundary. The
boundary symbols g(y, η;λ) of GY0(λ) have the structure explained in Remark 3.5.
In coordinates, the L2-trace is given by
(2π)−(n−1)
∫∫
tr g(y, η;λ) dy dη,
where tr denotes the trace on the space L2(R+) ⊗ Cdim℘!E|Y0 . As noted in Re-
mark 3.5, tr g(y, η;λ) is an ordinary parameter-dependent symbol of order µ. The
homogeneous components are the tr g(µ−j)(y, η;λ), where, for each j, g(µ−j)(y, η;λ)
is the (twisted) homogeneous component of degree µ− j associated with g(y, η;λ).
Thus the same argument as above implies the expansion of the trace as desired. 
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